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HILBERT FUNCTIONS OF SOCLE IDEALS 


HOANG LE TRUONG AND HOANG NGOG YEN 


Abstract. In this paper, we explore a relationship between Hilbert functions and 
the irreducible decompositions of ideals in local rings. Applications are given to char¬ 
acterize the regularity, Gorensteinness, Gohen-Macaulayness and sequentially Gohen- 
Macaulayness of local rings. 
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1. Introduction 

Let I be an ideal of a Noetherian local ring (R, m) snch that R/I is Artinian. The 
socle of / is the ideal which is dehned as / : m. It is the unique largest ideal J of 
R with Jm C I. Moreover, it is also the unique largest submodule of module R/I 
which has the structure of a module over the residue held k = R/vn.R. Therefore 
£/?(/ ; m/J) = dimfc(/ : m/J) is the minimal number of socle generators of /, where 
stands for the length. The minimal number of socle generators of modules are 
as important as the minimal number of generators of the modules, to which they are 
(in some sense) dual, however, in general, they are much harder to hnd. For a deeper 
discussion of socle ideals we refer the reader to n, 0, la. M- 

The minimal number of socle generators of modules is in relative to the irreducible 
decompositions of modules. Irreducible ideals were already presented in the famous 
proof of Noether that ideals in Noetherian commutative rings have a primary decompo¬ 
sition. She hrstly observed that the Noetherian property implied every ideal a of R can 
be expressed as an irredundant intersection of irreducible ideals of R and the number 
of irreducible ideals appearing in such an expression depends only on a and not on the 
expression. Let us call the number 7\/'(a) of irreducible ideals of a that appear in an 
irredundant irreducible decomposition of a the index of reducibility of a. Remember 
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that, in the case in which a = /, Af{I) = -r ni]//) and so the index of reducibility 
of I is also the minimal number of socle generators of I. 

The minimal number of socle generators is closely related to the ideas in the theory 
of Gorenstein rings. Northcott and Rees m Theorem 3] proved that for all parameter 
ideals q, the minimal number of socle generators of q is 1 then R is Gorenstein. In 
1957 D. G. Northcott [13, Theorem 3] proved that for parameter ideals q in a Gohen- 
Macaulay local ring R, the minimal number of socle generators of q is constant and 
independent of the choice of q. However, this property of constant the minimal number 
of socle generators for parameter ideals does not characterize Gohen-Macaulay rings. 
The example of a non-Gohen-Macaulay local ring R with AA(q) = 2 for every parameter 
ideal q was firstly given in 1964 by S. Endo and M. Narita m In 1984 S. Goto and 
N. Suzuki [13] explored, for a given finitely generated i?-module M, the supremum 
supq A/'(q), where q runs through parameter ideals of R and showed that the supremum 
is hnite, when R is a generalized Gohen-Macaulay module. Gompared with the case 
of rings and modules with hnite local cohomologies, the general case is much more 
complicated and difficult to treat. No standard induction techniques work. However, 
from this point of view, a natural question is how to characterize Gohen-Macaulayness 
of rings in term of the minimal number of socle generators. 

On the other hand, a very interesting and important numerical invariant of a graded 
hnitely generated S'-module M is its Hilbert function. Suppose that S = ©5, is 

n>0 

positively graded and Sq is an Artinian local ring. The Hilbert function of S is Hs{n) = 
^Soi^i) for i G M. Hilberts insight was that Hs is determined by hnitely many of 
its values. He proved that there exists a polynomial (called the Hilbert polynomial) 
hs{t) £ Q[t] such that Hs{t) = hs{t) for f 0. 

Now let gr/(R) = © and call it the associated graded ring of I. Put S = 

n>0 

(0) -gvjiR) 271, where 9fl = m/J © © Then in special cases(eo(m) > 1), we see 

r7.>l 

that iR{Sn) = for all large enough n. Therefore the function of the 

minimal number of socle generators of I'^ on n become polynomial when large enough 
n. In general there exists a polynomial pi{n) of degree d — \ with rational coefficients 
such that 

AA(r+i; R) = £R(\r+^ -R m]/r+') = pi{n) 
for all large enough n. Then, there are integers fi{I) such that 

d-l 

Pl(n) = ^(- 1 ) 7 .(/) 

i=0 

These integers /*(/) are called the Noetherian coefficients of I. In particular, the lead¬ 
ing coefficient /o(7) is called the irreducible multiplicity of /, by Erst author. It was 
shown that the index of reducibility of parameter ideals can be used to characterize 
the Gohen-Macaulayness of local rings. From this point of view, we explore this no¬ 
tions in this paper, where we apply it to characterize the regularity, Gorensteinness, 
Gohen-Macaulayness and sequentially Gohen-Macaulayness of local rings. 

Now let us recall the definition of the Hilbert-Samuel polynomial of I. It is well 
known that the Hilbert-Samuel function £r{R/ become the polynomial which is 
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called Hilbert-Samuel polynomial 

i=0 ' 

for all large enough n. These integers ei{I) are called the Hilbert coefficients of I. In the 
particular case, the leading coefficient eo(/) is said to be the multiplicity of I. In [TB] . 
Nagata gave a characterization of the regularity of local rings in term of the multiplicity 
of the maximal ideal. The multiplicity of the maximal ideal is 1 if and only if R is 
regular, provided that R is unmixed, that is dimi?/p = d for all p G Ass(i?). Therefore 
it is a natural question to ask whether one may establish a similar correspondence 
between the regularity of local rings and the irreducible multiplicity of the maximal 
ideal. The following result is given an answer of this question. 

Theorem 1.1. Assume that R is unmixed. Then R is regular if and only if fo{xn) = 1. 

Recall ei(/) is called by Vasconselos 1 127] ) the Chern coefficient of I. Then the fol¬ 
lowing result give a relationship between the Chern coefficient and the irreducible mul¬ 
tiplicity. 

Proposition 1.2. Assume that R is unmixed. Then for all parameter ideals q C 
we have 

ei(q : m) - ei(q) < /o(q). 

In [26] the hrst author showed to characterize the Gorensteinness of rings in term 
of the Chern coefficient of socle parameter ideals. A local ring R is Gorenstein iff 
ei(q ; m) — ei(q) < 1 for all parameter ideals q C m^, provided R is unmixed. From 
this point of view, a natural question is how to characterize Gorensteinness of rings in 
term of the irreducible multiplicity of parameter ideals. The following result is given 
an answer of this question. 

Theorem 1.3. Assume that R is unmixed. Then R is Gorenstein if and only i//o(q) = 
1, for all parameter ideals q C m^. 

We denote by r{R) = £ji{Ext'j^{R/m, R)) the Cohen-Macaulay type. The hrst author 
in [2B] proved that if R is unmixed then R is Cohen-Macaulay iff ei(q : m)—ei(q) < r{R) 
for all parameter ideals q C m^. From this point of view, as in Theorem 11.31 we shall 
show the following result which is an answer of above question. 

Theorem 1.4. Assume that R is unmixed. Then R is Cohen-Macaulay if and only if 
/o(q) = r{R), for all parameter ideals q C m^. 

A natural question from Theorem II.31 and II.41 is what happen if R is not unmixed. To 
sate the answer of this question, let us hx our notation and terminology. Let M (0)) 
be a hnitely generated i?-module with hnite Krull dimension, say d = dim/jM. A 
hltration 

V : Do = (0) C Di C D 2 C ■ ■ ■ C Di = M 
of i?-submodules of M is called the dimension filtration of M, if for all 1 < i < £, 
is the largest R-submodule of Di with dim/^Zlj_i < dim/jHj, where dim/j(0) = —00 
for convention. We say that M is a sequentially Cohen-Macaulay R-module, if Ci = 
Di/Di_i is a Cohen-Macaulay i?-module (necessarily with dim^^Gj = dim^jHj) for all 
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1 <i < ^ ([211122])- Hence M is a sequentially Cohen-Macaulay i?-niodule with i = 1 
if and only if M is a Cohen-Macaulay i?-module with dimi?/p = dim^^M for every 
p G Assr M. We say that i? is a sequentially Cohen-Macaulay ring, if dim R < oo and 
R is a. sequentially Cohen-Macaulay module over itself. 

Let X = xi,X 2 , ■ ■ ■ ,Xd be a system of parameters of M. Then x is said to be distin¬ 
guished, if 

{xj \ di < j < d)Di = ( 0 ) 

for all 1 < f < £, where di = dim/j Di. A parameter ideal q of M is called distinguished, 
if there exists a distinguished system xi,X 2 , ■ ■ ■ ,Xd of parameters of M such that q = 
{xi,X 2 , ■ ■ ■, Xd)- Therefore, if M is a Cohen-Macaulay i?-module, every parameter ideal 
of M is distinguished. Let A(M) = {dimj:jL | L is an i?-submodule oi M,L ^ (0)}. 

With this notation the main results of this paper are summarized into the following, 
which gives a complete generalization of the results in the Cohen-Macaulay case to 
those of sequentially Cohen-Macaulay rings. 

Theorem 1.5. Assume that R is a homomorphic image of a Cohen-Macaulay local 
ring. Then the following statements are equivalent. 

{i) R is sequentially Cohen-Macaulay. 

{ii) There exists an integer n such that for all good parameter ideals q C m"" and 
2 < j G A{R), we have 

rj{R) > (-l)'^“^(erf_j+i(q : m) - erf_j+i(q)). 

{Hi) There exists an integer n such that for all distinguished parameter ideals q C m"' 
and 2 < j G A{R), we have 

Later we will give some applications of these results. First, as an immediate conse¬ 
quence of our main result, the assumption of Theorem 11.1111.31 and 11.41 are essential. 
The necessary condition of the following result was proved by N. T. Cuong, P. H. Quy 
and first author (0 Corollary 5.3]). 

Theorem 1.6. R is Corenstein if and only if for all parameter ideals q C and 
t), we have 

In [9l Theorem 5.2], N. T. Cuong, P. H. Quy and first author showed that R is 
Cohen-Macaulay if and only if for all parameter ideals q Q and n > 0, we have 
N'{c{^^^-,R) = Note that the condition of Hilbert function A/’(q”+^; i?), 

holding true for all n > 0, is necessary to their proof. The result of Theorem 5.2 in 
[H] was actually covered in the following result, but in view of the importance of the 
following result we changed the condition from Hilbert function to Hilbert polynomial. 

Theorem 1.7. R is Cohen-Macaulay if and only if for all parameter ideals q Q and 
n ^ 0, we have 

4 






Let us explain how this paper is organized. Section 2 is devoted to a brief survey on 
dimension hltrations, the notion of Goto sequences and the existence of Goto sequences. 
The computation of the minimal number of socle generators of a special parameter ideal 
of sequentially Gohen-Macaulay ring is well understood in section 3. In section 4, our 
aim now is to establish a characterization of sequentially Gohen-Macaulay rings in 
term of the Hilbert coefficients of the socle of distinguished parameter ideals, which 
is a part of Theorem 11.51 Gontinuing our discussion in section 4, the section 5 will 
give the complete proof of Theorem 11.51 In last section, we are going to discuss the 
characterizations of the regularity, Gorensteinness and Gohen-Macaulayness of local 
rings. 


2. Goto sequences 


Let i? be a commutative Noetherian ring, which is not assumed to be a local ring. 
Let M (0)) be a hnitely generated i?-module with hnite Krull dimension, say d = 
dimR M. We put 

Assh^M = {p G Supp^M I dimi?/p = d}. 

Then 


Assh/j M C Min^j M C Assr M. 

Let A(M) = {dim^jL | L is an i?-submodule of M, L ^ (0)}. We then have 

A(M) = {dimi?/p | p G AssrM}. 

We put £ = ilA(M) and number the elements of A(M) so that 


0 < di < d2 < ■ ■ ■ < di = d. 


Then because the base ring R is Noetherian, for each 1 < i < £ the i?-module M 
contains the largest i?-submodule Di with dimfl/lj = dj. Therefore, letting Dq = (0), 
we have the hltration 


V : Do = {0) C Di C D 2 C ■ ■ ■ G De = M 

of i?-submodules of M, which we call the dimension hltration of M. The notion of 
dimension hltration was hrstly given by P. Schenzel [2T]. Our notion of dimension 
hltration is a little diherent from that of mm, but throughout this paper let us utilize 
the above dehnition. It is standard to check that {Dj}o<j<i (resp. {Dj/Di}i<j<i) is the 
dimension hltration of Di (resp. M/Di) for every 1 <i < £. We put Ci = Di/Di^i for 
l<i<£. 

We note two characterizations of the dimension hltration. Let 

(0)= fl M(p) 

peAss/j M 

be a primary decomposition of (0) in M, where M(p) is an i?-submodule of M with 
AssrM/M{p) = {p} for each p G AssrM. We then have the following. 

Proposition 2.1 ([21], Proposition 2.2, Gorollary 2.3]). The following assertions hold 
true. 

(1) Di = PIpgAsshM, dimK/p>di+i ^(p) all 0 < i < £. 

(2) Let 1 < i < £. Then Assr Ci = {p G AssrM \ dimi?/p = di} and AssnDi = 
{p G AssrM I dimi?/p < di}. 
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(3) AssjiM/Di = {p G AssrM \ dimi?/p > dj+i} for all 1 < i < i. 

We now assume that i? is a local ring with maximal ideal m and let M be a finitely 
generated i?-module with d = dim^^M > 1 and V = {-Dj}o<i<£ the dimension filtra¬ 
tion. Let X = xi,X 2 , ■ ■ ■ ,Xd be a system of parameters of M. Then x is said to be 
distinguished, if 

{xj \ di < j < d)Di = (0) 

for all 1 < i < £, where di = dim/? Di. A parameter ideal q of M is called distinguished, 
if there exists a distinguished system xi,X 2 , ■ ■ ■ ,Xd of parameters of M such that q = 
{xi,X 2 , ■ ■ ■, Xd)- Therefore, if M is a Cohen-Macaulay i?-module, every parameter ideal 
of M is distinguished. Distinguished system of parameters exist and ii Xi,X 2 , ■ ■ ■ ,Xd 'is> 
a distinguished system of parameters of M, then xf^,X 2 ^,..., x^"^ is also a distinguished 
system of parameters of M for all integers Uj > 1. 

Settings 2.2. Let x = Xi,X 2 ,... be a system of elements of R and q^ denote the 
ideal generated hy x\,... ,Xj for all j = 1,..., s. 

Definition 2.3. A system x of elements of R is called Goto sequence on M, if for all 
0 < j < s — 1 and 0 < i < i, we have the following 

(1) Ass{Ci/qjCi) C Assh.{Ci/qjCi) U {m}, 

(2) XjDi = 0 if di < j < di+i, 

(3) qj_i : Xj = H° (M/qj_iM) and Xj ^ p for all p G Ass(M/qj_iM) — {m}. 

At first glance, the definition of normal does not seem very intuitive. Once we enter 
the world of sequences, however, we will see that Goto sequence has a very nice interpre¬ 
tation and properties. We will also see that Goto sequence is useful for many inductive 
proofs in the next sections. Before we can give some properties of this sequence, we first 
need to reformulate the notion of d-sequences. The sequence Xi,X 2 ,... ,Xs of elements 
of R is called a d-sequence on M if 

qiM : Xi+iXj = q^M : xj 

for all 0 < i < j < s. The concept of a d-sequence is given by Huneke [12] and it plays 
an important role in the theory of Blow up algebra, e.g. Ress algebra. In the following 
lemma, we will give some properties of Goto sequences that will be used in the next 
sections when we study the Hilbert coefficients and Noetherian coefficients. 

Lemma 2.4. Let x = Xi, X 2 , ■ ■ ■ ,Xs form a Goto sequence on M. Then we have 

(1) X is part of a system of parameters of M. 

(2) X is a d-sequence. 

(3) If d = s then X is a distinguished system of parameters of M. 

(4) Xj+i ,... ,Xs is also a Goto sequence on M/qiM. 

Proof. As an immediate consequence of the definitions we have the first assertion and 
the third assertion. The second assertion is followed from [vii) of [231 Theorem 1.1]. 

□ 

Lemma 2.5. Let R be a homomorphic image of a GohenMacaulay local ring. Assume 
that system x = Xi,X 2 ,..., Xd of parameters form a Goto sequence on M. Let N denote 
the unmixed component of M/qd- 2 M and d > 2. If M/N is Gohen-Macaulay, so is 
also M/D^_i. 


Proof. We may assume that d > 3. Because the assumption of the corollary is inherited 
to the module M/(\iM, it is enough to prove the following statement. 

Let X G i? be a Goto sequence of length one on M. Let N denote the unmixed 
component of M/xM and d > 3. If HJ^(M/iV) = 0 for i < d — 2 then = 0 for 

i < d — 1. 

For a submodule N of M, we denote N = {N + xM)/xM the submodule of M/xM. 
Since x is a Goto sequence of length one on M, xC^) C Kssh.{C^/xC(,) U {m}. 

Therefore N/D^_i has a hnite length. Since M/N is a Gohen-Macaulay module, 
H^{M/D£_i + xM) = 0 for all 0 < i < d — 1. Therefore, we derive from the ex¬ 
act sequence 

0 ^ M/Di_i 4 M/Di_i M/Di_i + xM ^ 0 

the following exact sequence: 

0 ^ H° + xM) ^ 4 ^ 0. 

Thus /Di_i) = 0, and so N/Di_i = (M/D^-i -1- xM) = 0. Hence N = Di_i. 

Moreover, since x is = M/D^.i-regular and Ci/xCi = M/D(^_i = M/N a Gohen- 
Macaulay module, is a Gohen-Macaulay module. □ 

We now denote rj{M) = f'i?((0) m) for all j G Z. 

Definition 2.6. A system x of elements of R is called Goto sequence of type I on M, 
if we have 

rd-j{M/qjM) < rd-j-i{M/qj+iM), 

for all 0 < j < s — 1. 

Now, we explore the existence of Goto sequence of type 1. We have divided the proof 
of the existence of Goto sequence into sequence of lemmas. First, we begin with the 
following result of S. Goto and Y. Nakamura m- 

Lemma 2.7. [12] Let R he a homomorphic image of a Gohen-Macaulay local ring and 
assume that Ass{R) C Assh(i?) U {m}. Then 

= {p G Spec(i?) I ht/j(p) > 1 = depth(i?p)} 

is a finite set. 

The next proposition shows the existence of a special element which is useful for the 
existence of Goto sequence. 

Proposition 2.8. Let R be a homomorphic image of a Gohen-Macaulay local ring and 
I anm-primary ideal of R. Assume that R = is a finite filtration of submodules 

of M such that AssLj C AsshL, U {m}, where Li = Then there exists an 

element x G / satisfies the following conditions 

(1) Ass{Li/x"'Li) C Assh(Lj/x”Li) U {m}, For all i = 0,... ,i — 1. 

(2) X ^ p, for all p G Ass(M) — {m}. 

(3) (0) -.Li X = H° (Lj) and (0) :m x = H° (M), for all i = 0, ...,£- 1, 

Proof. Set Jj = Ann(Lj), andi?j = then Ass(i?j) C Assh(i?j)U{m} anddimi?//j > 
dim for alH = 0,..., s — 1. Moreover, we have 

Ass{Ri) = Ass(Lj) = {p G Spec(i?) | p G Ass(M) and dimi?/p = dimi?//j = dj}U{m}. 
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Set 


= {p e Spec(i?) I /* C p and htR,(p/Ji) > 1 = depth((Li)p)}. 

By Lemma [221 and the fact Ass(Lj) C Assh(Lj) U {m}, we see that the set 

{p G Spec(i?i) I htR,(p) > 1 = depth((Li)p)} 

t 

is hnite, and so that J^i are a hnite set for alH = 1,..., Put T = Ass(M)U IJ 

i=\ 

By the Prime Avoidance Theorem, we can choose y E I such that ^ IJ P 

dim Mi/yMi = dimMj — 1 for all i On the other hand, we can choose an 

integer no such that (0) '-m y"' = (0) '-m and (0) y^ = (0) y'^°, for all n > hq 

and i = 1,... ,i. Put x = Then we have a; ^ IJ p and (0) '-Li = (0) '-Li x for 

v&x 

alH = 1,..., Now we show that x have the conditions as required. 

First let us prove the condition (1). To this end, consider p G Ass(Aj/xAj) with 
p 7 ^ m. Then we have depth(Lj/a:Lj)p = 0. Hence depth(Lj)p = 1. It implies that 
htni(p) = 1) since p ^ £Fi. By the assumption Ri is a catenary ring, therefore 

dimi?/p = dimi?j — hti^;(p) = dimRi/xRi = dimLj/xLj. 

Hence p G Assh(Lj/xLj). 

Since the condition (2) is trivial, it remains to prove the condition (3). Take p G 
Assii;(0) X with p 7 ^ m. Hence ((0) a;)p = (0) and this is a contradiction. It implies 
that (0) :AT. a; is hnite length. Since (0) a;^ = (0) x, we have (0) '-Li x = H° (Lj). 

It follows from the following exact sequence 

0 —}■ M{—i —y Mi —y Li —y 0 

and X H° (Lj) = 0 for alH = 1,..., £ that the following sequence 

0 ^ HO (M,_0 ^ HO (M,) ^ HO (L,) 

and 0 -)■ (0) :Mi_i x ^ (0) x -E (0) :l, x 

are exact. By induction and (0) -m x = (0) :m x‘^, we have (0) -.m x = HO (M) and this 
completes the proof. □ 

The existence of Goto sequence is established by our next Corollary. 

Corollary 2.9. Assume that R is a homomorphic image of a Cohen-Macaulay local 
ring and I an m-primary ideal of R. Then there exists a system x = xi,X 2 , ■ ■ ■, Xg of 
elements of I such that x is a Goto sequence on M. 

Proof. We prove this by induction on s, the case in which s = 1 having been dealt with 
in Lemma 12.81 So we suppose that s = j > 2 and that the result has been proved for 
smaller values of s. Suppose that di < j < dj+i for some i. We see immediately from 
this induction hypothesis that 

Ass(W/qj_iW) C Assh(Aj_i/qj_iW) U {m}, 

where q^-i = (xi,..., Xj-i), for alH = 0,..., £—1. Moreover the sequence xi, X 2 ,..., x^. 
is a system of parameters of Di. Therefore Ann(Zi)j) + qj_i is m-primary ideals. So that, 
by Lemma [2.81 there exists an element xj G I fl Ann(Zi)j), as required. This completes 
the inductive step, and the proof. □ 
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Let q = {xi,X 2 , ■ ■ ■ ,Xd) be a parameter ideal in R and let M be an i?-module. 
For each integer n > 1 we denote by x” the sequence x", ,..., Let K*[x'^) 

be the Koszul complex of R generated by the sequence ^ and let = 

iL*(Hom^(iF*(x”), M)) be the Koszul cohomology module of M. Then for every p G Z 
the family M)}„>i naturally forms an inductive system of i?-modules, whose 

limit 

m = lim HP{x^] M) 

is isomorphic to the local cohomology module 

HP{M) = lim Exe(i?/m”,M) 

n—>-cxD 

For each n > 1 and p G Z let (f)P^\i : Hp{x"'-,M) —)■ H^{M) denote the canonical 
homomorphism into the limit. 

Definition 2.10 ([13] Lemma 3.12). Let Rhe & Noetherian local ring with the maximal 
ideal m and dimi? = d > 1. Let M be a hnitely generated i?-module. Then there exists 
an integer no such that for all systems of parameters x = xi,...,XdioTR contained in 
and for all p G Z, the canonical homomorphisms 

into the inductive limit are surjective on the socles. The least integer uq with this 
property is called a Goto number of i?-module M and denote by g(M). 

With this notation we have the following result. 

Lemma 2.11 ([Il|, Lemma 1.7). Let M he a finitely generated R-module and x an 
M-regular element and x = Xi ,... ,Xr be a system of elements in R with Xi = x. Then 
there exists a splitting exact sequence for each p G Z, 

0 ^ M) HP{x; M/xM) Hp+\^, M) 0. 

Lemma 2.12. Let M he a finitely generated R-module. Assume that x is an M-regular 
element of M such that x G . Then we have 

g{M/xM) < g(M), 

and 

rfiM) < ri-i{M/xM) 

for all i E 

Proof. Let 0 : 2 ,..., be a system of parameters of module M/xM such that Xi G 
Put x = xi,X 2 ,...,Xd and q = (x), where xi = x. Since x G we have q C 

By the dehnition of Goto number, we have the canonical homomorphism 

H\x,M)^HUM) 

into the inductive limit are surjective on the socles, for each i G Z. By the regularity 
of X = Xi on M, it follows from the following sequence 

0-^ M —^ M -^ M/xM -^ 0 
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that there are induced the diagram 


0 ^ H\x- M) ^ H\x, M/xM) ^ M) ^ 0 


mM) 


H ' JM / xM ) 




commutes, for all i G Z. It follows from the above commutative diagrams and Lemma 
12. Ill that after applying the functor Hom(fc, *), we obtain the commutative diagram 

Hom(fc, H^{x, M/xM)) -^ Hom(/c, M))-^ 0 


Hom(A;, Hl{M/xM)) -- Hom(A;, 

for all i G Z. Since the map Hom(A:, M)) —)■ Hom(/c, is surjec¬ 
tive, so is the map Hom(fc, —)■ }lom{k, Therefore the map 

Hom(fc, H\x] M/xM)) —)■ Hom(fc, Hl^{M/xM)) is surjective and ri{M) < rj_i(M/a;M) 
for all i G Z. Thus for all systems x of parameters of module M/xM such that 
Xi G we have the map Hom(fc, M/xM)) —)■ Hom(/c, H^{M/xM)) is surjec¬ 

tive for all i G Z. Hence we have we have 

g{M/xM) < g(M), 

as required. 

□ 

Corollary 2.13. Let M be a finitely generated R-module with dimM > 2. Then there 
exists an integer n such that for all parameter elements a; G m"', we have 

rd{M) < rd-i{M/xM). 

Proof. Since dimM > 2 and x is a parameter element of M, we have HJ^(M) = 
H^(M/H° (M)) and H^-^(M/xM) = H^-^(M/xM + H° (M)). Therefore we have been 
working under the assumption that depth M > 0. Then by Lemma 12.12[ we have 

rd{M) < rd-i{M/xM), 

and the proof is complete. 

□ 

Addition, the existence of Goto sequence of type I is established by our next Propo¬ 
sition. 

Proposition 2.14. Assume that R is a homomorphic image of a Cohen-Macaulay local 
ring and I an m-primary ideal of R. Then there exists a system x = Xi,X 2 , ■ ■ ■ ,Xs of 
elements of I such that x is a Goto sequence of type I on M. 

Proof. We shall now show the our result by induction on s. In the case in which s = 1 
there is nothing to prove, because of the Lemma 12.81 So we suppose, inductively, that 
s = j > 1 and the results have both been proved for smaller values of s. Suppose that 
di < j < dj+i for some i. By induction we have system xi,... ,Xj_i of R such that 
satisfies the following conditions 
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(1) Ass{Ni/qj_iNi) C Assh.{Nj/qj_iNi) U {m}, where qj_i = (xi,... for all 

i = o,...,e-i. 

(2) The sequence Xi,X 2 ,... ,Xdi is a system of parameters of Di. 

Let R = R/qj-i M = n = m/qj_i. It follows from Corollary 12.131 that there 

exists an integer n such that for all x G m"' we have < r^-jiM/xM). Put 

J = (Ann(Zi)i) + q^-i) n / fl m”. Then JR is an n-primary ideal of R. By Lemma [2^ 
we can choose Xj+i G Ann(Zi)j) fl J fl m”', as required. With this observation, we can 
complete the inductive step and the proof. □ 


3. Socle polynomial 


In this section, we introduce the notion of Noetherian coefficients and the its compu¬ 
tation in the sequentially Cohen-Macaulay cases. Recall, we say that an i?-submodule 
of M is irreducible if N is not written as the intersection of two larger i?-submodules 
of M. Every i?-submodule N oi M can be expressed as an irredundant intersection of 
irreducible i?-submodules of M and the number of irreducible i?-submodules appearing 
in such an expression depends only on N and not on the expression. Let us call, for each 
m-primary ideal I of M, the number N'{I] M) of irreducible R- submodules of M that 
appearing in an irredundant irreducible decomposition of IM the index of reducibility 
of M with respect to I. Remember that 




Moreover, by Proposition 2.1 |9], it is well known that there exists a polynomial pi^M{n) 
of degree d — 1 with rational coefficients such that 


for all large enough n. Then, there are integers fi{I]M) such that 



i=0 


These integers are called the Noetherian coefficients of M with respect to I. 

In particular, the leading coefficient fo{I] M) is called the irreducible multiplicity of M 
with respect to I. When M = R, we abbreviate fo{I; M) to /o(L)- The following result 
will be necessary in the computation of the Noetherian coefficients of distinguished 
parameter ideals. 

Lemma 3.1. Let N be a submodule of M such that M/N is Cohen-Macaulay and 
dim < dimM. Assume that q is a parameter ideal generated by Xi,... ,Xd such that 


[A^ qM] :m m = N [qM :m tn]. 

Let 0 < s < d and b = (a;i,..., Xg)■ Then we have 

[q^M + AT + b] :m m = [q^M :m m] + AT + b. 


for all n > 0. 


11 





Proof. We put M = M/hM + N and we denote = 0 ojf'M ./Since 

n>0 

M. is a. Cohen-Macaulay i?-niodule and q is a parameter ideal of i?-module Wl, se¬ 
quence Xs+i,... is an Wl-regular. Since M. is Cohen-Macaulay, we have a natural 
isomorphism of graded modules 

9r,{M) = 0 ^ Wl/qWf [T,+i,..., Tj, 

n>0 

where Ts+i,...,Td are indeterminates. This deduces i?-isomomorphisms on graded 
parts 

^ {M/qM[Ts+i ,... ,Td])^ = A^/qAf 

for all n > 0. On the other hand, since q is a parameter ideal of a Cohen-Macaulay mod¬ 
ules Ai, q”+^Wl ; m C q”+^Wl : q = q'^M.. It follows that ; m = q”Wl(qWl 

m). So we have 

[q^+ijVf + N + bM]:m = q"([qM + Ar + b]:m)+iV + b 
because b C q. Since [N + qM] :m tn = -|- [qM -.m tn], therefore we have 

[q^+ijVf + N + bM]:mC q”(qM : m) + iV + bM C q^+^M : m + iV + bM. 

Thus [q"'+^M -|- -|- bM] : m = q”+^M : m -|- A^ -|- bM. Hence 

[q^M + AT + bM] :m m = [q"M :m m] + A^ + bM, 

for all n > 0. 

□ 

The notion of a sequentially Cohen-Macaulay module was introduced hrstly by Stan¬ 
ley [22] for the graded case and in [21] for the local case. 

Definition 3.2 ([211 [22]b Let T) — {Di}o<i<£ be the dimension hltration of M. We 
say that M is a sequentially Cohen-Maeaulay R-module, if Ct is a Cohen-Macaulay 
i?-module for all 1 < i < £, where Ci = Di/Di_i. We say that R is a sequentially 
Cohen-Macaulay ring, if dimi? < oo and i? is a sequentially Cohen-Macaulay module 
over itself. 

We maintain the following settings. 

Settings 3.3. Let M be a sequentially Cohen-Macaulay i?-module, d = dimM > 1, 
and T> = {Dj}o<j<f the dimension hltration. We put N = D^_i, L = M/D^_i and 
choose a distinguished system xi, X 2 ,..., of parameters of M such that 

jez 

where q = (xi,X 2 ,... ,Xd). 

Fact 3.4. (See [S]) The following assertions hold true. 

(1) Module N is sequentially Cohen-Macaulay and L is Cohen-Macaulay. 

(2) We have [A^ -|- qM] :m tn = A^ -|- [qM :m nr]. 

(3) The parameter ideal q is also a distinguished parameter ideal of N such that 

V(q;Af) = 5^r,(iV). 

jez 
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(4) Let M = R. If eo(m; i?) > 1 or q C then we have = q/, where J = q ; m. 

Proposition 3.5. We have 

2=1 

for all n > 1. 

Proof. We denote grq(L) = 0 q^-L/q^+^L. Since L is a Cohen-Macaulay -R-module 

r 2>0 

and q is a parameter ideal of -R-module L, sequence a:i,..., is an .L-regular. Since L 
is Cohen-Macaulay, we have a natural isomorphism of graded modules 



) +ro(M) 


gr,{L) = 0 q-L/q-^^L ^ L/qL[Ti,..., T,], 

n>0 

where Ti,..., are indeterminates. This deduces .R-isomomorphisms on graded parts 

q” W+‘L ^ (L/qilTi,... ,n])„ = L/qil"-") 

for all n > 0. On the other hand, since q is a parameter ideal of a Cohen-Macaulay 
modules L, q”+^L ; m C q"^+^L ; q = q”L. It follows from i{qL : m/qL) = rd{M) that 




^+lL 


qL 


n + d — 1 
d — 1 


= rd{M) 


n + d — 1 
d — 1 


Since the parameter ideal q is good and L is Cohen-Macaulay, the following exact 
sequence 


induces the following exact sequence 

0 ^ N/q^^^N M/q^+^M L/q'^+^L 0 . 

It follows from + N] : m = q”^+^M : m + N, hj the Fact 13.41 and lemma 13.11 

that by applying Ilom/^(fc, *), we obtain the following exact sequence 

0 ^ HomH(A;, AT/q^+^iV) ^ Romnik, M/q'^+^M) Romnik, L/q'^+^L) 0 

Therefore we get that 

: mj/q^+^M) = £,j([q"+'iV : mj/q^+^iV) + £,j([q"+'L : mj/q^+^L). 

A simple inductive argument therefore shows that 

AA(q^+^ M) = i{[q^M : m]/q^M) = ^ ri{M) ^ + ro(M) 

2=1 ^ 

for all n > 1. Thus the proof is complete 

□ 


We need the following result in next section. 

Lemma 3.6. We have q^'+^M : m = q"(qM : m) for all n > 0. 
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Proof. Since L is Cohen-Macaulay and q is a parameter ideal of L, we have q’^M fliV = 
q”iV and 

q”+^M : m C [q^+^M + A^] ; m = q”(qM ; m) + iV, 

for all n > 0, because of the Fact 13.41 and the Lemma 13.11 Let a G : m and we 

write a = 6 + c for 6 G q”(qM : m) and c e N. Then me = m(a — 6) G q"^+^M fl = 
Thus c G q"^'''^A^ : m. Therefore q”+^M : m C q”(qM : m) + q”+^A^ : m. Hence 

q^+^Mim = q”(qM : m) + q^+^AT : m 

Since N is sequentially Cohen-Macaulay and q is a good parameter idea of N, by the 
induction on i, we have q"''''^A^ : m = q”[qA^ : m]. Therefore we have 

q^+^M : m = q"(qM : m), 


as required. 

□ 


We close this section with the following, which is the main result of [23] of the hrst 
author. 


Theorem 3.7 ([231 Theorem 1.1]). There exists an integer n ^ 0 such that for every 
distinguished parameter ideals q of M contained in m", one has the equality 

m). 

iez 


4. Hilbert coefficients of socle ideals 

The purpose of this section is to give a characterization of sequentially Cohen- 
Macaulay rings in term of the Hilbert coefficients of the socle of distinguished parameter 
ideals. To discuss this, we need the concept of Hilbert coefficients. 

Let I be an m-primary ideal of a Noetherian local ring (72, m). The associated graded 
ring grj(i?) = 0„>ois a standard graded ring with [grj(i?)]o = R/I Artinian. 
Let M be a hnitely generated i?-module of dimension d. Therefore the associated graded 
module gij{M) = of / with respect to M is a hnitely generated 

graded grj(i?)module. The Hilbert-Samuel function of M with respect to / is 

n 

H{n) = iniM/r+^M) = ^ 4(rM/r+^M), 

i=0 

where ini*) stands for the length. For sufficiently large n, the Hilbert-Samuel function 
of M with respect to I H(n) is of polynomial type, 

i=0 ^ 

These integers ei{I,M) are called the Hilbert coefficients of M with respect to I. In 
the particular case, the leading coefficient eo(/, M) is said to be the multiplicity of M 
with respect to I and ei(/, M) is called by Vasconselosf [27] 1 the Chern coefficient of I 
with respect to M. When M = R, we abbreviate ej(/, M) to ei{I) for alH = 1,..., s. 
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Settings 4.1. Assume that i? is a homomorphic image of a Cohen-Macaulay local 
ring. Let V = {aj}o<i<£ be the dimension hltration of R with dimUj = dj. We put 
S = i?/a£_i and choose a distinguished system Xi,a; 2 ,... of parameters of R. Put 
q = {xi, X 2 ,...,Xd), b = ixd,_,+i, ...,Xd) and / = q : m. 

In fact, the following property serves to characterize sequentially Cohen-Macaulay 
rings, as we will show in this section. 


Proposition 4.2. Assume that R is sequentially Cohen-Macaulay and 

Then we have 

e^(/) -ej(q) = fj-M]R) = | 

z/eo(m; i?) > 1 or q C m^. 

Proof. By Fact 13.41 (4), we have P = ql and so = q"'I for all n > 1. It follows 
from Lemma [3.61 that 

e{R/q^+^) -e{R/P+^) = £((q^J)/q^+^) 

= £((q”(q ; m))/q"+^) = £((q’"+^ ; m)/q"+^) 
for all n > 0. Since P = q/, we have eo(q) = eo(/). Therefore we have 

ej{I)-ej{q) = fj-iiq;R) 

By Theorem 13.51 we have 

ej{I)-ej{q) = fj-iiq;R) = | 

□ 


{-lY-\r,{R) + ro{R)), if j = d, 
{—iy~^rd-j+i{R) otherwise. 


j&Z 

{-lY-\ryR) + ro{R)), if j = d, 
{-ly-Pd otherwise, 


Corollary 4.3. Suppose that M is a sequentially Cohen-Macaulay R-module. Then 
there exists an integer n S> 0 such that for every distinguished parameter ideals q of M 
contained in m"', one has the equality 


ej{I) Cj(q) 


A-i(q;^) = 


(-l)‘'-nri(i?) + ro(i?)), Ifj=d, 
{—iy~Pd-j+i{R) otherwise. 


Proof. This is now immediate from Proposition 14.21 and Theorem 13.71 


□ 


Lemma 4.4. Assume that S is Cohen-Macaulay and 

[q -h a£_i] : m = q : m-h a^.i. 


Then 

eyi-R/b) - eyq-R/b) 


(-i)"((es+i(/; R) - es+i(q; R))) + rd{,R) 
(-l)"(e.+i(/; R) - Cs+jiq; R)) 


where s = d — de-i. 

Proof. Since [q -|- a£_i] ; m = q : m -|- a^.i, we have IS = qS : ins'. 
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Yj = f, 
yj > 2, 









Claim 1. (/"■ + b) n = /” fl a£_i for all n. 

Proof. Since q C and S is Cohen-Macanlay, we have (JS')^ = (qS')(/S') by [H 
Theorem 3.7], so that gijg{S) is a Cohen-Macanlay ring. Therefore, we have 

rS : Xd = i^~^s 

for all n G Z. Conseqnently, (/” -|- a^-i) : Xd = 7”'“^ + a^-i. 

Let a e (/” -I- {xd)) n ai-i. Write a = h + XdC for b e and c E R. Then 
c G a£_i) : Xd = + Thns since q is a distingnish parameter ideal, we have 

XdC G XdI"'~^+Xda£-i C Therefore a G Hence = {I^ + {xd))r\a£-i. 

By indnction, we have 

r n a£-i = (/” (xd)) n a^.i 

= ... = -I- b) n a£_i, 

as reqnired. □ 


It follows from the above claim and the following exact seqnences 

0 ^ a^-i/r n a£-i -E Rjr -e s/rs -e o 

for all n > 0 and 

0 ^ a£_i/(b + r) n a£_i -E R/b + r ^ ^/(b + r)s -E 0 

for all n > 0, that we have 

e{R/r) - e{s/rs) = e{R/b + r) - ^{s/{b + i^)s) 

Since S is Cohen-Macanlay, by Lemma [4.21 we have 


t{s/rs) = eoms) 


^{S/{b + ^)S) = eo{I■.S) 


n + d 
d 

n -|- di^i 
di-i 


r,iS) 




n + d — 1 
d-1 

n + df-i — 1 
d£ — 1 


for all n > 0. Conseqnently, it follows on comparing the coefficients of the polynomials 
in the above eqnality that 


e,{I-R/b) = 


{-iyes+i{I]R)+rd{S) ifj = l, 
{-iyes+j{I]R) ifj>2 

Similarly, we have 

e,(q;i?/b) = (-l)^e,+,■(/;/?) 
for all 1 < j < di-i. It follows that 

(-l)"((e,+j(/; R) - Cs+jiq] R))) + rd{R) if j = 1, 
-iy{es+jil; R) - Cs+jiq; R)) if j > 2. 


eyi- R/b)-eyq-R/b) = 


□ 


Proposition 4.5. Assume that d > 2 and there exists an integer n such that for all 
distinguish parameter ideals q C m"' we have 

ei(/) - ei(q) < rdiR). 


Then S is Cohen-Macaulay. 
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Proof. In the case in which eo(m;-R) = 1, we have eo(m; S') = 1, because diniO£_i < 
dimi?. And so the result in this case follws from S is unmixed and Theorem 40.6 in 
[TB] . Thus we suppose henceforth in this proof that eo(m; R) > 1. 

By Proposition 12.141 there exists a Goto sequence Xi,... ,Xd -2 of type I in m"^. Let 
cid -2 = ■ ■ ■ iXd- 2 ) and A = R/c{d -2 and let N denote the unmixed component of 

A. Then A/N is a generalized Cohen-Macaulay ring since dimA/A^ = 2 and A/N is 
unmixed. Therefore there exists an integer no > n such that for all parameters x G , 
we have ri{A/{x) + N) = ri{A/N) + r 2 {A/N). Suppose that di^ < d — 2 < djQ+i for 
some io- Then Ann(aio) + ^d -2 is an m-primary ideal of R. Then we can choose 
Xd-i G m”° n Ann(ajo) as in Proposition 12.81 

Let c{d-i = {^d- 2 )Xd-i) and B = R/qd-i- Since dimS = 1, S is sequentially Cohen- 
Macaulay ring. It follows from Ann a£_i is an m-primary ideal of R and Corollary 

14.31 we have choose Xd G Ann a^_i such that 

ei{xdB \B xnB] B) - ex{xdB] B) = ri{B). 

Since e(m; i?) > 1, by Proposition 2.3 in [13], we get that ml" = mq"^ for all n. 
Therefore /" C q" ; m for all n. Put C = 0 q"/q"^+^ and T)T = m/q © 0 q"^/q"^+L 

n>0 n>l 

Then we have ((0) ; = [q"' fl : m)]/q"+^ for all n. Thus we have ((0) : = 

: m)/q”’''^ for all large n. Since xi,...,Xd is a Goto sequence, by Lemma [2^ 
xi,X 2 ,... ,Xd is d-sequence. Therefore, xi is a superficial element of R with respect to 
q. And so, we have : xi = q'^ for all n > 0. It follows from the exact sequences 

jn p / n+1 . jn jn+1 jn+1 

0 —}■ - —}■ — —y —^ —y — -^ —y 0 

qn qn qn+l ^n+1 


and 0 — 

for all n > 0 that 


jn+l Pi _|_ qn+1 

xj^ + q’^+i 




jn+i ^ J«+i + (a:i) 

xil^ + q’^+i q’^+i + (xi) 


^ 0 


rn+l jn 


jn+l 


^Xjn qn+1 


)> 


jn+1 + (xi) 
qn+1 


Consequenly, we have 


ei(/; R) — ei(q; R) > ei{qR : xnR] R) — ei(qi?; R) 

because £(i?/q”'+^) — for all n > 0. Proceed inductively, we 

have 

ei(/; R) - ei(q; R) > ei{xdB -.3 m5; B) - ei(xd5; B) = ri(5), 

because of the choice of Xd- However, since xi, ..., is a Goto sequence, by Lemma 
q is a distinguish parameter ideal and r 2 (A) > rd{R). By hypothesis, rd{R) > 
ei(/;i?) — ei(q;i?). Therefore, r 2 (A) > ri(i?). On the other hand, it follows from the 
exact sequence 

0^ N ^ A^ A/N 0 
and Xd-i is a regular of A/N that r 2 {A/N) = r 2 {A) and 


0 N/xd-iN B ^ A/{xd-i) + A^ —>■ 0. 
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Since dim iV/xd_iA^ = 0, we have = Y{]^{A/{xd-i) + iV), and so 

n{B) = n{A/{xd-i) + N) 

= n{A/N) + r 2 (A/N) = n{A/N) + (A), 

because of the choice of Xd^- Therefore we have ri{A/N) = 0, and so ri{S/qd- 2 S) = 0. 
Hence S is Cohen-Macaulay, because of Lemma 12.51 and the proof is complete. □ 


The next corollary is now immediate. 


Corollary 4.6. For all integers n there exists a parameter ideal q C m”', we have 

r{R) ^ ei(/;i?) - ei{q;R), 


where J = q : m. 

The observation in Proposition 14.51 and Lemma 14.41 provides a clue to a character¬ 
ization of sequentially Cohen-Macaulay rings in terms of Hilbert coefficients of socle 
parameter ideals. 


Proposition 4.7. Assume that there exists an integer n such that for all distinguish 
parameter ideals q C m"' we have 

r,(R) > 

for all 2 < j E A{R). Then R is sequentially Cohen-Macaulay. 

Proof. We use induction on the dimensional d of R. In the case in which dimi? = 1, 
it is clear that R is sequentially Cohen-Macaulay. Suppose that dimi? > 1 and that 
our assertion holds true for dimi? — 1. Recall that a£_i is the unmixed component of 
R. Therefore, by the Prime Avoidance Theorem, we can choose the part of a system 
Xdi_i+i, ■ ■ ■ ,Xd of parameters of R such that b C m" and b fl a^-i = 0, where b = 
..., Xd). Consequently, (a,; -|- b)/b = a* for alH = 0,..., £ — 1, and so A(i?) — 
{d} C A(R/b). On the other hand, since d G A(i?), we obtain ei(/; R) — ei(q) < rd{R) 
for all distinguished parameter ideals q C m"^. By Proposition 031 S is Cohen-Macaulay. 
It follows from the exact sequence 

0 —}■ ci£_i — y R —y S —y 0 


that the sequence 

0 ^ a^_i ^ R/b -E S/bS -E 0 

is exact, and so A(i?/b) = A(i?) — {d}. 

Now let xi,..., Xdi_i be a distinguished system of parameters of R/b. We show that 
xi,... ,Xd is a distinguished system of parameters of R. Indeed, let dj -|- 1 < j < dj+i 
for some i ^ £—1. Since di G A(d?/b), R/b contain the largest ideal Cj with dimCj = d*. 
Therefore (a* + b)/b C q. Since x^Cj = 0, we obtain XjOj C b fl Uj C b fl = 0. Hence 
XjUj = 0 for all di + 1 < j < dj+i and i < £ — 1. Hence system xi,..., x^ of parameters 
is distinguished. 

Put q = (xi,..., Xd^ i, b) and assume that q C m"^. It follows from Lemma 03] that 


6^(1; R/b) -ej(q;R/b) 


(-l)*((es+j(/; R) - es+j{q-, R))) rd{R) if j = 1, 
(-l)*(e,+j(/; R) - e,+j(q; R)) if j > 2, 
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where s = d — dg^i. However, it follows from S is Cohen-Macaulay and the exact 
sequence 

0 ^ a£_i ^ R/b S/bS 0 

that the following sequence 

is exact. Moreover we have and = HJ„(a£_i) = HJ,^(i?/b) 

for all i < di-i. Thus we have ri{R) = ri{R/b) for all i < and 

rdi_^{R/b) = rd,_^{R) + rrf^_^(S'/bS') = rd,_^{R) + rd{S). 

Therefore since s + di^i — j = d — j we have 

T,(Rlb) = r,(R) > 

= -e,,_,_,(qifi/b))) 

for all 2 < j G A(i?/b) — {di-i}. Moreover, we have 

rd,_^{R/b) = rd,_^{R) + rd{S) 

> (-l)^(e,+i(/; R) - e,+i(q; R)) + r,(5) 

= ei(/;i?/b)-ei(q;i?/b) 

Consequently, rd^_^-j+l{R/b) > {—iy^^{ej{I]R/b) — ej{(\]R/b))) for all distinguished 
parameter ideals q C m" of R/b and 2 < j G A(i?/b). By the induction hypothesis, 
R/b is sequentially Cohen-Macaulay and so is also R. This completes the inductive 
step, and the proof. 

□ 


Now, we can provide a characterization of sequentially Cohen-Macaulay rings. 

Theorem 4.8. The following statements are equivalent. 

{i) R is sequentially Cohen-Macaulay. 

(a) There exists an integer n such that for all distinguish parameter ideals q C m” 
and 0 < i < d — 1, we have 

rd-i+i{R) = - ei(q)), 

where / = q : m. 

(Hi) There exists an integer n such that for all good parameter ideals q C m" and 
2 < j G A{R), we have 

rj{R) > ied-j+i{I) - ed-j+i{q)), 

where / = q : m. 

Proof. (1) ^ (2) This is now immediate from Theorem 13.71 and Proposition 14.21 

(2) ^ (3) This is obvious. 

(3) ^ (1) This now immediate from Proposition 14.71 

□ 
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5. Noetherian coefficients 


Continuing our discussion in last section, we will see how the sequentially Cohen- 
Macaulayness of rings is relation to the Noetherian coefficients of the socle of distin¬ 
guished parameter ideals. To discuss it, we need a relationship between Chern coefficient 
and the irreducible multiplicity. 

Settings 5.1. Assume that i? is a homomorphic image of a Cohen-Macaulay local 
ring. Let V = {ai}o<i<r be the dimension hltration of R with dimUj = di. We put 
S = i?/a£_i and choose a distinguished system Xi,X2, ... of parameters of R. Put 
q = {xi, X2,...,Xd), b = ...,Xd) and / = q : m. 

Lemma 5.2. Assume that eo(tri; R) > 1. Then for all parameter ideal q, we have 

ei{T,R) -ei{q-,R) < fo{R), 

where / = q : m. 

Proof. Since eo(m; R) > 1, by Proposition 2.3 in [13], we get that = mq” for all n. 
Therefore C ; m for all n. Consequence, we obtain 

£(i?/q”+^) - i{R/r+^) = £(r+Vq^+^) < : m/q^+i). 

But this means that ei(/; R) — ei(q; R) < /o(q; R). □ 

Proposition 5.3. Assume that R is unmixed. Then for all parameter ideals q C m^, 
we have 

ei(q : m) - ei(q) < /o(q). 

Proof. Our result in the case in which eo(ta; i?) > 1 is immediate from Lemma [521 Thus 
we suppose henceforth in this proof that cq (tri; R) = 1. It follows from R is unmixed and 
Theorem 40.6 in [T6| that R is Cohen-Macaulay. Since R is unmixed, every parameter 
ideals q are distinguished. Therefore by Theorem 13.71 there exists an integer n such 
that for all parameter ideals q, we have 

jez 

It follows from Proposition 14.21 we have 

ei(q : m) - ei(q) = fo{q;R), 

and the proof is complete. □ 

Corollary 5.4. Assume that d > 2 and there exists an integer n sueh that for all 
distinguish parameter ideals q C m"' we have 

fo{q]R) < rd{R). 

Then S is Cohen-Macaulay. 

Proof. In the case in which eo(nT;i?) = 1, we have eo(m;S') = 1, because dima^-i < 
dim/?. And so the result in this case follws from S is unmixed and Theorem 40.6 in 
[T6] . Thus we suppose henceforth in this proof that eo(nT; R) > 1. By Lemma [5.21 for 
all distinguish parameter ideals q C we have 

ei(/; R) - ei(q; R) < fo{R) < rd{R). 

It follows from Proposition 14.51 that S is Cohen-Macaulay. □ 
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The next corollary is now immediate. 

Corollary 5.5. For all integers n there exists a parameter ideal q C m”, we have 

rd{R) ^ foiq;R)- 

Lemma 5.6. Assume that S is Cohen-Macaulay and 

[q + ai-i] : m = q : m + ai-i. 


Then 

A(q; 

where s = d — 


(-l)"/s+i(q; R) + rd{R) ifj = 0, 
(-l)"/s+i(q;^) ifj>C 


Proof. Since S is Cohen-Macanlay and q is a parameter ideal of S', we have 

0 ^ a£_i/q”a^_i ^ i?/q” ^ ^/q”^ ^ 0. 

It follows from [q" -|- a^-i] : m = q"^ : m -|- a^-i, by the lemma 13.11 that by applying 
HomK(/c,), we obtain the following exact sequence 

^ ^ q^g^-i : m ^ q^ : m ^ q”>S : m ^ ^ 
q”a£_i q” q^S* 

Since S is Cohen-Macaulay and b is an ideal generated by a part system of parameters 
of S, we have 


fl/_i 

0 ^ 


R 


-)■ 


5 


^ 0 


q^a£_i q^ + b q^S* bS 
It follows from [q" -|- ai_i -|- b] : m = q" : m -|- -|- b, by the lemma 13.11 that by 

applying Hom 7 ^(A;,), we obtain the following exact sequence 

(q’^ + b);m (q”^ + bS) ; m 


q'‘a£_i ; m 

0 —y -—>■ 

q”a£_i q” -I- b 

From the above exact sequences, we have 


-)■ 


q"^+ bS 


^ 0 . 


:m, 


,(q” + b):m, ^, (q^^ + bS) : m. 


q^ ' ' q^S ' ' q"-Fb ' ' q^S*-h bS ' 

Since S is Cohen-Macaulay, by Proposition 13.51 we have = ''"d(S') and 

f = rjiSi Therefore since d.e i < d. 


Therefore since de-i < d and rd{S) = rd{R), we have 

mR/b) = 


(-i)"/s+i(q; R) + rdiR) if j = 0, 

[-iyfs+M-,R) 


where s = d — di-i. 


□ 


Proposition 5.7. Assume that there exists an integer n such that for all distinguished 
parameter ideals q C m"' and 2 < j G A{R), we have 

i-iy-^fd-yq;R)<ryR). 

Then R is sequentially Cohen-Macaulay. 
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Proof. We argue by induction on the dimensional d of R, the result being clear in the 
case in which d = 1. Suppose, inductively, that d > 1 and the result has been proved 
for smaller values of d. 

Recall that 0 £_i is the unmixed component of R. Therefore, by the Prime Avoidance 
Theorem, we can choose the part of a system ... ,Xd of parameters of R such 

that b C m"' and bfla^-i = 0, where b = {xdf_i+i, ■ ■ ■ ,Xd). Consequently, (ai + b)/b = a* 
for alH = 0,. .., £ —1, and so A(i?) — {d} C A{R/b). On the other hand, since d G A{R), 
we obtain /o(q; R) < rd{R) for all distinguished parameter ideals q C m"^. By Corollary 
15.41 S is Cohen-Macaulay. It follows from the exact sequence 

0 -)■ ae-i -)■ R -)■ S' -)■ 0 


that the sequence 

0 -> a^_i ^ R/b S/bS 0 
is exact, and so A(R/b) = A{R) — {d}. 

Now let xi,..., Xdi_i be a distinguished system of parameters of R/b. We show that 
Xi,... ,Xd is a distinguished system of parameters of R. Indeed, let dj -|- 1 < j < dj+i 
for some i ^ i—1. Since di G A(i?/b), R/b contain the largest ideal Cj with dimCj = d*. 
Therefore (a* + b)/b C Cj. Since XjCt = 0, we obtain XjUj C b fl a* C b 0 a£_i = 0. Hence 
XjUj = 0 for all dj -|- 1 < j < dj+i and i < i — 1. Hence system xi,..., x^ of parameters 
is distinguished. 

Put q = (xi,..., Xd^ j, b) and assume that q C m"^. It follows from Lemma 03] that 




(-l)"/s+i(q; R) + rd{R) if j = 0, 

i-^yfs+jiq;R) 


where s = d — d£_i. However, it follows from S is Cohen-Macaulay and the exact 
sequence 

0 ^ a^_i ^ R/b S/bS 0 

that the following sequence 

0 ^ H^^-na,_i) ^ B/f-^iR/b) ^ R/f-yS/bS) ^ 0 

is exact. Moreover we have = H^^"i(a£_i) and HJ„(R) = HJ„(a£_i) = HJ„(i?/b) 

for all i < d£_i. Thus we have rj(i?) = rj(i?/b) for all i < d^-i and 


rd,_yR/b) = rd,_yR) + rd,_yS/bS) = rd,_yR) + rd{S). 


Therefore since s + di-i — j = d — j we have 

r,{R/b) ^ r^iR) > fl) = (-I)*—'/,,fi/6) 

for all 2 < j G A(i?/b) — {d^-i}. Moreover, we have 

rd,_yR/b) = rd,_yR)+rd{S)>{-iyfs{q]R)+rd{S) = fo{q;R/b). 
Consequently, 

R/b) < Tj(Rlb). 

for all distinguished parameter ideals q C of R/b and 2 < j G A(R/b). Application 
of the inductive hypothesis to the ring R/b shows that R/b is sequentially Cohen- 
Macaulay and so is also R. This completes the inductive step, and the proof. 

□ 
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We close this section with the following, which will be used in our discussion of regular 
local rings in the next section. 

Theorem 5.8. The following statements are equivalent. 

{i) R is a sequentially Cohen-Macaulay R-module. 

{ii) There exists an integer n such that for all distinguished parameter ideals q C m"" 
and j = 0,... ,d — 2, we have 

(-i)Vj(q; 

(Hi) There exists an integer n such that for all distinguished parameter ideals q C m" 
and 2 < j E A{R), we have 

Proof. (1) (2) This is now immediate from Theorem 13.71 and Proposition 13.51 

(2) =» (3) This is obvious. 

(3) (1) This now immediate from Proposition 15.71 

□ 


6. Chern coefficients 

In this section, we are going to discuss the characterizations of the regularity, Goren- 
steinness and Cohen-Macaulayness of local rings. Probably the most important appli¬ 
cations of Theorem 15.81 and 14.81 can be summarized in this section. 

Settings 6.1. Assume that i? is a homomorphic image of a Cohen-Macaulay local ring. 
Let T) = {aj}o<i<£ be the dimension filtration of R with dim a* = dj. 

Theorem 6.2. R is Gorenstein if and only if for all parameter ideals q C and 
n 3> 0, we have 

Proof. Only if. Since R is Gorenstein, by Proposition 13.51 we have 

2=1 ^ ^ 

for all n > 1. On the other hand, we have ri{R) = 0 for all i < d and rd{R) = 1, 
because R is Gorenstein. Hence 

for all n > 1. 

If By the hypothesis, for all distinguished parameter ideals q C we have 

It follows from Theorem 15.81 that R is sequentially Gohen-Macaulay. By Theorem 13.71 
there exists a distinguished parameter ideals q C such that Af{q;R) = 
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Apply the Proposition 13.51 to this equation to obtain that 

- 1 
1 

Since R) = we have ri{R) = 0 for alH < d — 1 and rd{R) = 1. Hence 

R is Gorenstein. □ 


+ ro{R). 


A/'(q”+‘;fi)=5^r,(fl) 


2=1 


n + i 


In [9[ Theorem 5.2], N. T. Cuong, P. H. Quy and hrst author showed that R is 
Cohen-Macaulay if and only if for all parameter ideals q C and n > 0, we have 
AA(q"+^; i?) = Note that the condition of Hilbert function R), 

holding true for all n > 0, is necessary to their proof. The result of Theorem 5.2 in 
[5] was actually covered in the following result, but in view of the importance of the 
following result we changed the condition from Hilbert function to Hilbert polynomial. 


Theorem 6.3. R is Cohen-Macaulay if and only if for all parameter ideals q C and 
0, we have 

d — C 
d — 1 


Rf{q^+^-,R)=rd{R) 


Proof. Only if Since R is Cohen-Macaulay, by Proposition 13.51 we have 

d 




2=1 


n -\- i — 1 
i — 1 


+ ro{R) 


for all n > 1. On the other hand, we have ri{R) = 0 for all i < d, because R is 
Cohen-Macaulay. Hence 


Rf{q^+fR)=rd{R) 


n d — 1 
d — 1 


for all n > 1. 

If By the hypothesis, for all distinguished parameter ideals q C we have 

{-iyf,iq;R)<rd-^{R). 

It follows from Theorem 15.81 that R is sequentially Cohen-Macaulay. By Theorem 13.71 
there exists a distinguished parameter ideals q C such that Af{q;R) = ^ rj{R). 

Apply the Proposition 13.51 to this equation to obtain that 

d 


j£Z 




2=1 


n -1- i — 1 
i — 1 


+ ro{R). 


Since J\f R) = rrf(i?) , we have ri{R) = 0 for alH < d — 1. Hence R is 

Cohen-Macaulay. □ 


In the sequel, we shall only use the following. 


Settings 6.4. Let i? be a Noetherian local ring with maximal ideal m, d = dimi? ^ 2. 
Assume that R is unmixed, that is dimi?/p = d for all p G Ass(i?). 

Theorem 6.5. R is regular if and only z//o(m) = 1. 
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Proof. Since R is regular, R is Cohen-Macaulay and m is a parameter ideal of R. Since 
R is unmxied, m is a distinguished parameter ideal of R. Thus by Theorem 15.81 we 
have /o(tn; R) = r^i^R). But rd{R) = 1 because R is regular. Hence /o(tn; i?) = 1. 

Conversely, since R is unmixed, we have depth(i?) > 0. Therefore there exists an 
integer uq such that : m = m” for all n > uq. It follows that eo(m; R) = /o(m; R) = 
1. Since R is unmixed, by Theorem 40.6 in [16], R is regular. 

□ 

Theorem 15.81 and 14.81 have a very important corollary. One obvious consequence is 
the following 

Theorem 6.6. The following statements are equivalent. 

(1) R is Gorenstein. 

(2) For all parameter ideals q C we have 

/o(q;i?) = i. 

(3) For all parameter ideals q C m^, we have 

ei(J) - ei(q) < 1, 

where / = q ; m. 

Proof. (1) (2) Since R is Gorenstein, R is Cohen-Macaulay. Let q be a parameter 

ideal of R. Then we have AA(q; R) = UiO) •H-’ (R) Since R is unmixed, parameter 

ideal q is distinguished. Then by Proposition 13.51 we have /o(q;i?) = r^i^R). But 
rd{R) = 1 because R is Gorenstein. Hence /o(q; R) = 1. 

(2) ^ (3) Our result in the case in which eo(tri;i?) > 1 is immediate from Lemma 
15.21 Thus we suppose henceforth in this proof that eo(iTi;/2) = 1. It follows from R 
is unmixed and Theorem 40.6 in [16] that R is Cohen-Macaulay. Since R is unmixed, 
every parameter ideals q are distinguished. Therefore by Theorem 13.71 there exists an 
integer n such that for all parameter ideals q, we have 

jez 

It follows from Proposition 14.21 we have 

ei(J) - ei(q) = fo{q]R) = 1. 

(3) ^ (1) Since ei(/) — ei(q) < 1 for all parameter ideals q, by Proposition 14.51 R 

is Cohen-Macaulay. Since R is unmixed, every parameter ideals q are distinguished. 
Therefore by Theorem 13.71 there exists an integer n such that for all parameter ideals 
q, we have 7\/^(q; R) = ^ follows from Proposition 14.21 we have 

jez 

rd{R) = ei(/) - ei(q) = 1. 

Hence R is Gorenstein. 

□ 

Our next result establishes some absolutely fundamental facts about Cohen-Macaulay 
rings. 

Theorem 6.7. The following statements are equivalent. 
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(1) R is Cohen-Macaulay. 

(2) For all parameter ideals q C m^, we have 

fo{q;R) = rd{R). 

(3) For all parameter ideals q C m^, we have 

ei(/; R) - ei(q; R) < rd{R), 

where / = q ; m. 

Proof. (1) (2) Let q be a parameter ideal of R. Then we have A/'(q; R) = ^r((0) -h^ (r) 

jGZ 

m), because R is Cohen-Macaulay. Since R is unmixed, parameter ideal q is distin¬ 
guished. Then by Proposition 13.51 we have /o(q;i?) = r^iR). 

(2) ^ (3) In the case in which eo(m;i?) > 1 there is nothing to prove, because of 
Lemma and so we suppose that eo(m;i?) = 1. Then by Theorem 40.6 in [16], R 
is Cohen-Macaulay because R is unmixed. Let q be a parameter ideal of R such that 
q C and put / = q ; m. Then we have 

since R is Cohen-Macaulay. It follows from Proposition 14.21 and q C m^, we have 

ei(J)-ei(q) = /o(q;i?)=r,(i?). 

(3) (1) Since ei(J) — ei(q) < rd{R) for all parameter ideals q C m^, by Proposition 
14.51 R is Cohen-Macaulay, as required. 

□ 


References 

[1] L. Avramov, R.O. Buchweitz, S. Iyengar, C. Miller, Homology of perfect complexes, Adv. Math. 
223 (2010), 1731-1781. 

[2] A. Corso, S. Goto, C. Huneke, C. Polini, and B. Ulrich, Iterated socles and integral dependence 
in regulars rings, arXiv.org:1409.5481. 

[3] A. Corso, C. Huneke, and W. V. Vasconcelos, On the integral closure of ideals, Manuscripta 
Mathematica, No. 95 (1998), 331-347. 

[4] A. Corso and C. Polini, Links of prime ideals and their Rees algebras, J. Algebra 178 (1995), 
224-238. 

[5] A. Corso, C. Polini, and W. V. Vasconcelos, Links of prime ideals, Math. Proc. Camb. Phil. 
Soc. 115 (1994), 431-436. 

[6] D. T. Cuong and N. T. Cuong, On seguentially Cohen-Macaulay modules, Kodai Math. J., 30 
(2007), 409-428. 

[7] N. T. Cuong, S. Goto and H. L. Truong, Hilbert coefficients and seguentially CohenMacaulay 
modules, Journal of Pure and Applied Algebra 217 (2013) 470-480. 

[8] N. T. Cuong, S. Goto and H. L. Truong (2013): The equality = ql in sequentially Cohen- 
Macaulay rings , J. Algebra, 379, pp. 50-79. 

[9] N. T. Cuong, P. H. Quy and H. L. Truong, On the index of reducibility of powers of an ideal, 
Proc. of the 7-th Japan-Vietnam Joint Seminar on Commutative Algebra, QuyNhon (2012), 
1-34. 

[10] N. T. Cuong and H. L. Truong, Asymptotic behavior of parameter ideals in generalized Cohen- 
Macaulay modules, J. Algebra, 320 (2008), 158-168. 

[11] S. Endo and M. Narita, The number of irreducible components of an ideal and the semi¬ 
regularity of a local ring, Proc. Japan Acad., 40 (1964), 627-630. 

26 







[12] S. Goto and Y. Nakamura, Multiplicity and tight closures of parameters, J. Algebra, 244 (2001), 
no. 1, 302-311. 

[13] S. Goto and H. Sakurai, The equality P = QI in Buchsbaum rings, Rend. Sem. Mat. Univ. 
Padova 110 (2003), 25-56. 

[14] S. Goto and N. Suzuki, Index of Reducibility of Parameter Ideals in a Local Ring, J. Algebra, 
87 (1984), 53-88. 

[15] C. Huneke, On the symmetricand Rees algebra of an ideal generated by a d-sequence, J. Algebra, 
62 (1980), pp. 268-275. 

[16] M. Nagata, Local rings, Interscience New York, 1962. 

[17] D. G. Northcott, On Irreducible Ideals in Local Rings, J. London Math. Soc., 32 (1957), 82-88. 

[18] D.G. Northcott, A note on the coefficients of the abstract Hilbert function, J. London Math. 
Soc. 35 (1960) 209-214. 

[19] D. G. Northcott and D. Rees, Reductions of ideals in local rinqs, Proc. Camb, Philos. Soc. 50 
(1954) 145-158. 

[20] C. Polini and B. Ulrich, Linkage and reduction numbers. Math. Ann. 310 (1998), 631-651. 

[21] P. Schenzel, On the dimension filtration and Cohen-Macaulay filtered modules, Van Oystaeyen, 
Freddy (ed.), Gommutative algebra and algebraic geometry. New York: Marcel Dekker. Lect. 
Notes Pure Appl. Math., 206(1999), 245-264. 

[22] R. P. Stanley, Gombinatorics and Commutative Algebra, Second edition, Birkhduser Boston, 
1996. 

[23] N. V. Trung, Absolutely superficial sequence. Math. Proc. Cambrige Phil. Soc, 93 (1983), 35-47. 

[24] H. L. Truong, Index of reducibility of distinguished parameter ideals and Sequentially Cohen- 
Macaulay modules, Proc. Amer. Math. Soc. 141, no. 6, 1971-1978. 

[25] H. L. Truong, Index of reducibility of parameter ideals and Cohen-Macaulay rings J. Algebra, 
415, pp. 35-49. 

[26] H. L. Truong, The Chern coefficient and Cohen-Macaulay rings, preprint. 

[27] W. V. Vasconcelos, The Chern coefficients of local rings, Michigan Math. J., 57 (2008), 725-743. 

Institute of Mathematics, VAST, 18 Hoang Quoc Viet Road 10307 Hanoi Vietnam 
E-mail address: hltruong@math.ac.vn 

The Department of Mathematics, Thai Nguyen University of edugation. 20 Luong 
Ngoc Quyen Street, Thai Nguyen City, Thai Nguyen Province, Viet Nam. 

E-mail address: hnyen91@gmail.com 


27 



